Abstract. In this article a fast computational method is provided in order to calculate the Moore-Penrose inverse of full rank m × n matrices and of square matrices with at least one zero row or column. Sufficient conditions are also given for special type products of square matrices so that the reverse order law for the Moore-Penrose inverse is satisfied.
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V.N. Katsikis and D. Pappas from [11] ), and on a full-rank Cholesky factorization of possibly singular symmetric positive matrices. This is a fast algorithmic process; however, even in the case of rank deficient matrices, which is the proposed case by the author for the application of this method, the computation error is large compared to that of the SVD method 1 (see Table 4 .2).
In the present manuscript, we construct a very fast and reliable method (see the ginv function in the Appendix) in order to estimate the Moore-Penrose inverse matrix of a rank-n tensor-product matrix. The computational effort required for the ginv function (see Figure 4 .1) in order to obtain the generalized inverse is substantially lower, particularly for large matrices, compared to those provided by the other two methods (the SVD method and Courrieu's method). In addition, we obtain reliable and very accurate approximations in each one of the tested cases (Table 4. 2). Also, from Theorem 3.1, that will be shown in paragraph 3, it is evident that the proposed method (ginv function), can also be used in the case of full-rank rectangular matrices. In what follows, we make use of the high-level language Matlab both for calculations of the generalized inverse of a tensor-product matrix, as well as for testing the reliability of the obtained results. Specifically, the Matlab 7.4 (R2007a) [9, 10] Service Pack 3 version of the software was used on an AMD Athlon(tm) 64 Processor 3000+ system running at 1.81GHz with 1.5 GB of RAM memory using the Windows XP Professional Version 2002 Service Pack 2 Operating System.
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operator T can be written in the following form
In the following, we shall refer to this type of tensor product as the tensor-product of the collections {e 1 , ..., e n } and {f 1 , ..., f n }. The adjoint operator T * of T is the rank-n
The tensor-product of two collections of vectors, as defined above, is a linear operator. Therefore, it has a corresponding matrix representation T . In order to describe this representation, let us denote by {e 1 , ..., e n } the first n vectors of the standard basis of R k , and suppose that the f i 's are in the form :
then the corresponding matrix T has the vectors f i as columns. So,
We shall refer to this matrix T as the tensor-product matrix of the given collections.
In order to compute the Moore-Penrose inverse of the corresponding tensorproduct matrix, we use the following theorem. For the sake of completeness we give a sketch of its proof.
rank-n operator then its generalized inverse is also a rank-n operator and for each x ∈ H, it is defined by the relation
where the functions λ i are the solution of an appropriately defined n×n linear system. 
The last relation leads to the following n × n linear system:
The determinant of the above system is the Gram determinant of the linearly independent vectors f 1 , ..., f n and hence, for each x ∈ H, it has a unique solution where the unknowns are the functions λ i , i = 1, 2, ..., n.
Hence, one has to derive a procedure that will accurately implement the ideas of Theorem 3.1 in order to determine the generalized inverse of a tensor-product matrix. In other words, our main concern is to calculate the corresponding λ i in the expansion
so that we can provide the generalized inverse T † . In order to reach our goal, the high-level computational environment of Matlab is employed in our study.
4.
The computational method .
Method presentation and examples.
The first step of our approach consists of constructing two functions named ginv and ginvtest (see Appendix). The function ginv first calculates the corresponding Gram matrix of the linearly independent vectors f 1 , ..., f n 3 and then it solves the appropriately defined n × n linear system. In particular, for each j = 1, ..., n, the ginv function provides the corresponding λ i (e j ) (see Theorem 3.1) in the expansion (4.1) in order to determine the generalized inverse of a given tensor-product matrix T. Therefore, for each j = 1, 2, ..., n we have λ 1 (e j ), λ 2 (e j ), ..., λ n (e j ) as a solution of the corresponding linear system. Then, from (4.1) the generalized inverse T † is having the following form 
Suppose that T is the corresponding matrix representation of a rank-n operator, then T is a k × k matrix whose first n columns are linearly independent vectors of R k , n < k and all the other columns consists of zeros.
Remark 4.1. It is clear, from Theorem 3.1, that our computational method will restrict in the case of full-rank rectangular and rank-deficient square matrices.
The ginvtest function allows us to compare the accuracy of the proposed method (ginv function) to that of the SVD method (Matlab pinv function) and on a recent, fast computational method by P. Courrieu [3] (geninv function). The geninv function is based on a known reverse order law (eq. 3.2 from [11] ) and on a fullrank Cholesky factorization of possibly singular symmetric positive matrices. The accuracy of the results was examined in error matrices, with the matrix 2-norm, corresponding to the four properties characterizing the Moore-Penrose inverse (i.e.,
The results of the ginvtest function are organized in a 3 × 4 matrix. The first row of this matrix contains the error results for the SVD method, the second row contains the error results for the Courrieu's method and the third row contains the error results of the proposed method.
The computational effort required to obtain the generalized inverse of a tensorproduct matrix under different parameter configurations (i.e., number of vectors and dimensions) of the ginv function is substantially less. This is particularly true for large matrices, when a comparison is made between the results provided by the proposed method and those provided by the other two methods (SVD method, Courrieu's method). In particular, we have used the Matlab function rand in order to produce m × n matrices of values derived by a pseudorandom, scalar value drawn from a uniform distribution in the unit interval. Functions ginv and ginvtest (see Appendix) must be stored for further use. In our work, we stored them in a Matlab-accessible directory named work. Note that, ginv and ginvtest define functions that accept an input A, where A denotes a full rank matrix, in a different case the program responds with an explicit warning. We illustrate an example for a rank-8 tensor-product matrix, where e i , f i ∈ R 9 , i = 1, 2, ..., 9. For the purpose of monitoring the performance, we also present the execution times as well as the accuracy of the proposed method, the Then, T can be represented as a 9×9 matrix whose first 8 columns are the vectors f 1 , f 2 , ..., f 8 and the last one (column) consists of zeros.
We proceed with computing the Moore-Penrose inverse of T as follows :
In the command window of Matlab we type a matrix A that contains the nonzero block of T , i.e. A has the vectors f i , i = 1, 2, ..., 8 as columns. Then, we invoke the ginv function by typing in the command window:
The results, then, are as follows: therefore the Moore-Penrose inverse T † of T is the following matrix: 
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In order to test the accuracy of the three methods (i.e., SVD method (pinv), Courrieu's method (geninv) and the proposed method (ginv)) we invoke the ginvtest function by using the command:
The cumulative results (execution times, accuracy) are presented in Table 4 .1. It is apparent that the ginv function provides a practical, accurate and substantially faster numerical way for the calculation of the Moore-Penrose inverse of a tensor-product matrix.
Remark 4.3. The Moore-Penrose inverse of a rectangular matrix of size m × n is a rectangular matrix of size n × m. This can be easily verified in example 4.2 since the given matrix is a 9 × 9 matrix with a 9 × 8 nonzero block and its generalized inverse is a 9 × 9 matrix with a 8 × 9 nonzero block.
It is clear that according to Theorem 3.1, the choice of using the proposed ginv function depends on the fact that the tensor-product matrix T is rank deficient 4 .
Hence, the proposed method can also be used for the computation of any given m × n full-rank real matrix, where m > n. Also, in the case when m < n, one can compute the transpose matrix T * and then make use of the formula (
to simplify the procedure, the ginv function performs all necessary transpositions in all cases. Thus, the ginv function can also be used, directly, for the computation of any given m × n full-rank real matrix. In addition, since the user, does not know, in general, a priori whether or not the argument he/she provides is rank deficient the ginv function provides an explicit warning in this case. 
and the cumulative results are presented in Table   4 .2. Table 4 .2 Error Results for rank-2 n matrices, n = 8, 9, 10, 11, 12. The new numerical method, based on the introduction of the ginv function, enables us to perform fast and accurate estimations of the generalized inverse T † of a tensor-product matrix for a variety of dimensions. The tested matrices were obtained using the Matlab function rand and they were all rank deficient with rank 2 n for n = 8, 9, 10, 11, 12 . Figure 4 .1 shows the time efficiency curves, i.e., the rank of the tested matrix versus the computation time (in seconds). All algorithms were carefully implemented and tested in Matlab. After a deep analysis of the results in Figure 4 .1 and Table 4 .2 one can easily obtain the following conclusions:
5. Conclusions.
1. The geninv method is sensitive to numerical rounding errors, and it has been observed that it is inaccurate in the computation of generalized inverses of full-rank ill-conditioned matrices. This remark is also included in [3] . 2. It is notable that for matrices with rank 2 12 or higher, the SVD method was not able to produce a numerical result (Matlab produced an 'Out of memory' message). 3. It is evident, from Table 4 .2, that using the ginv function we obtained a reliable approximation in all the tests that were conducted. At the same time, it is also clear that we have simplified the procedure to the extent that the interested user can reach a fast computational solution using a reduced amount of computational resources. Therefore, the proposed function allows us for a both fast and accurate computation of the Moore-Penrose inverse matrix. 4. In line 9 of the ginv function we included a rank test in order to simplify the use of the proposed Matlab function for the interested user. It is notable that in our tests the rank test costs more than the 50% of the computational time that the ginv function took to respond. Therefore, if we are in position to know more about our input data then, after a slight modification, it is clear that the ginv function provides a rapid method for computing generalized inverses.
6. The reverse order law. In this section, we introduce sufficient conditions so that the generalized inverse of the product of two square rank-n matrices is the product of the generalized inverses of the corresponding matrices in reverse order. In general, the well known reverse order law, (AB) −1 = B −1 A −1 which holds for operators and matrices is only known to hold for generalized inverses under certain conditions. A lot of work has been carried out with respect to conditions so that On the other hand, using the ginv function it is easy to prove that 
